We present a method to probe the Out-of-Time-Order Correlators (OTOCs) of a general system by coupling it to a harmonic oscillator probe. When the system's degrees of freedom are traced out, the OTOCs imprint themselves on the generalized influence functional of the oscillator. This generalized influence functional leads to a local effective action for the probe whose couplings encode OTOCs of the system. We study the structural features of this effective action and the constraints on the couplings from microscopic unitarity. We comment on how the OTOCs of the system appear in the OTOCs of the probe.
INTRODUCTION
Given a quantum system, a common question is to ask how it evolves, when perturbed from an initial state. The future response of the system is then encoded in expectation value of a string of operators ordered in time (timeordered correlator). However, for a variety of questions, such time-ordered correlators are no more adequate.
For example, say we wanted to quantify the chaotic behaviour in quantum evolution. This question is naturally addressed by imagining the following : first, we evolve the system backward in time and add a perturbation in its past. Next, we evolve it forward to the present and examine how much this procedure has modified its state. When translated into correlators, this leads us naturally to correlation functions that violate time-ordering.
Such Out-of-Time-Order Correlators (OTOCs) have received much recent attention [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] , both from a theoretical and an experimental viewpoint. However, we still lack an intuitive picture of these correlations and many familiar tools of effective theory are yet to be extended to include the information contained in them. In this work, we begin to address this issue by asking how OTOCs of a system get imprinted on the effective theory of its probe. We also develop a systematic formalism to extend various ideas familiar in the theory of open quantum systems to OTOCs.
One main obstacle in understanding OTOCs is the difficulty of computing them. If the system is strongly coupled then perturbative techniques cannot be employed to calculate the correlators. Even in the case of weakly coupled systems, the diagrammatic techniques [16] [17] [18] for computing OTOCs are far less developed than their counterparts for time-ordered correlators. The reason for this complication in case of OTOCs is the proliferation of Feynman diagrams due to the multiplicity of fields, propagators and vertices. The problem becomes acute particularly when the system has many degrees of freedom with complicated interactions between them.
This problem of computing OTOCs in large systems becomes tractable if we restrict our attention to opera-tors acting on a small subset of degrees of freedom. One can then take these degrees of freedom to define an open quantum system (See [19] and [20] for particular examples) and try to write down an effective theory for its evolution. Such an effective theory can immensely simplify computations of OTOCs.
A paradigmatic example of such an open quantum system is a quantum Brownian particle interacting with a general environment. We can then think of the environment as the large system that the particle is probing. A systematic path integral formalism to understand such a system was developed by Feynman and Vernon [21] which was then applied to a simple example of harmonic oscillator bath. For the (bath+particle) combined system, they integrated out the bath's degrees of freedom to get an influence phase [22] for the particle. This analysis was extended by Caldeira and Leggett in [23] and by Hu, Paz and Zhang in [24, 25] for various thermal baths and for different kinds of particle-bath couplings. These analyses can equivalently be understood in the Schwinger-Keldysh formalism [26] [27] [28] [29] . These works however do not explain how OTOCs get communicated and how they decohere within quantum systems.
In this work, we obtain an effective theory for the probe in the generalized Schwinger-Keldysh formalism [16, 30] . This facilitates the computation of the probe's OTOCs which are determined in terms of the effective couplings. These couplings, as we will see, encode information about the OTOCs of the system. This opens up the interesting possibility that measuring the OTOCs of the probe might be a way to access the OTOCs of a large system. It would be interesting to extend the currently existing OTOC measurement protocols [3, 4, 14, 15, [31] [32] [33] to this context. The effective action described in this work might also be relevant in describing decoherence in the context of weak measurements [34] [35] [36] [37] [38] .
The structure of this Letter is as follows : we begin with a simple example of a probe and discuss its coupling to the system. The OTOCs of this combined system are captured by a generalized Schwinger-Keldysh path integral. Integrating out the system's degrees of freedom in this path integral results in the generalized influence phase for the probe which can be used to obtain a nonlocal non-unitary 1-PI effective action. In subsequent sections, we restrict ourselves to a local/Markovian limit. The dynamics of the probe in such a limit is described by a local 1-PI effective action whose form is constrained by the unitarity of the combined system. The couplings in this effective action are determined in terms of the OTOCs of the system. The OTOCs of the probe are in turn determined in terms of these couplings.
SPECIFICATION OF THE PROBE
Consider a quantum system S. Let O(t) be an operator (in the Heisenberg picture) acting on the Hilbert space of S. Suppose we are interested in the OTOCs of this operator. These OTOCs can be extracted from the OTOCs of a probe coupled to the system. For simplicity, we take the probe to be a harmonic oscillator of unit mass. We denote the position of the probe by q and the degrees of freedom of S collectively by X. The overall Lagrangian of the system and the probe is given by
Here m 0 is the frequency of the probe, L S [X] is the Lagrangian of the system and λ is the strength of interaction between the system and the probe. We will take λ to be small i.e. the probe to be weakly coupled to S. This allows us to employ perturbation theory in obtaining an effective dynamics for the probe. For definiteness, we will assume that the system and the probe are initially unentangled and the interaction between them is switched on at a time t 0 . Moreover, we will take the initial state of the probe to be the ground state of the oscillator. Thus, the density matrix of the system and the probe at time t 0 is given by
where ρ probe (t 0 ) is the density matrix corresponding to the ground state of the oscillator.
In the next section we will write down an action for the (system+probe) combined system in the generalized Schwinger-Keldysh formalism. In the corresponding path integrals we will integrate out the system's degrees of freedom to obtain a generalized influence phase for the probe which would allow computation of its OTOCs .
GENERALIZED INFLUENCE PHASE FOR THE PROBE
Before introducing the action for the combined system, let us motivate the need for working in the generalized Schwinger-Keldysh formalism. Such a generalization is required for OTOCs with 3 or more insertions. To be specific, let us focus on 3-point correlators of the operator
where H S is the Hamiltonian of the system. Our aim is to extract information about certain 3-point correlators which have 2 future-turning point insertions (i.e. insertions whose immediate neighbours lie to their pasts). For example, for t 1 > t 2 > t 3 > t 0 , the correlator
has 2 future turning point insertions: O(t 1 ) and O(t 2 ). The neighbours of both these insertions are ρ S (t 0 ) and O(t 3 ) which lie to their pasts. A correlator with k futureturning point insertions is called a k-OTO correlator [30] . So, the correlator given in (4) is a 2-OTO correlator. We want to see the effects of such 2-OTO correlators of the system on the correlators of the probe. But such effects are not captured in the 1-OTO correlators of the probe. This is due to the fact that the 1-OTO correlators of the operator O(t) completely determine the quantum master equation [39, 40] for the reduced density matrix of the probe, or equivalently, its influence phase in the Schwinger-Keldysh formalism (See [24, 25, 41] for how these two are related). This influence phase in turn is sufficient to determine the 1-OTO correlators of the probe. Hence, to see the effect of 2-OTO correlators of O(t), one has to look at the 2-OTO correlators of the probe.
To get a path integral representation of the 2-OTO correlators, one has to extend the Schwinger-Keldysh contour to a contour with two time folds [16, 30, 42] as shown in Figure 1 . Such a contour has four legs labelled by 1,2,3 and 4. We will take the past-turning point in the contour at the time t 0 and the future-turning points at some time T which is greater than the position of all the insertions in any correlator of our interest.
One has to take one copy of the degrees of freedom of both the system and the probe for each leg:
We find it convenient to define q's on even legs with an extra minus sign over the convention followed in [30] . Any operator in the combined system is a functional of q and X. Hence, one gets four copies of such operators in this formalism. To obtain 2-OTO correlators of these operators, one has to compute path integrals with an action given by
These path integrals with insertions on any of the four legs give contour-ordered correlators in the single-copy theory i.e. the operators in the single-copy theory corresponding to the insertions are ordered from right to left as one moves along the arrow indicated in Figure 1 .
In order to calculate correlators of the probe, we can first integrate out the degrees of freedom of the system to obtain a generalised influence phase [21] for the probe. This generalized influence phase W can be expanded in powers of λ as
For n ≥ 1, W n is given by
where T C O i1 (t 1 ) · · · O in (t n ) c is the cumulant (connected part) of a contour-ordered correlator of the operators O(t j ) calculated in the initial state ρ S (t 0 ) with the insertion at time t j on the i th j leg. With this generalized influence phase, one can calculate the OTOCs of the probe. The cumulants of such OTOCs can also be obtained from the connected treelevel diagrams of a 1-PI effective action [43] . In the next section we impose some conditions on the form of this 1-PI effective action.
1-PI EFFECTIVE ACTION FOR THE PROBE
The 1-PI effective action obtained from the generalized influence phase is usually non-local. But one can work in the Markovian limit [40] to get an approximate local form if the cumulants of correlators of O(t) decay sufficiently fast compared to the natural timescales of the probe. Such a local form was worked out in [23] [24] [25] for the Schwinger-Keldysh effective action of a Brownian particle interacting with a variety of thermal baths. This local form is a valid approximation, for example, in an Ohmic bath with a well-separated hierarchy of timescales.
We will assume that the 2-OTO cumulants of the operator O(t) similarly decay and that a local 1-PI effective action for the probe on the 2-fold contour can be written down. Moreover, we assume that all terms (except the kinetic term) in the 1-PI effective action with more than one derivative acting on q's are negligible [44] .
The local 1-PI effective action for the probe should satisfy certain conditions which are based on the fact that the probe is a part of a closed system described by a unitary dynamics. Here we enumerate these conditions:
Collapse Rules
The 1-PI effective action becomes independent ofq under any of the following identifications:
Under any of these collapses, the 1-PI effective action reduces to the Schwinger-Keldysh 1-PI effective action in which the residual degrees of freedom play the role of the right-moving and the leftmoving coordinates [42] .
Reality condition
The 1-PI effective action should become the negative of itself under complex conjugation of all the couplings and the following exchanges:
The first condition ensures that the value of a contourordered correlator of the probe does not change if one slides an insertion from one leg to another at the same temporal position without encountering any obstruction from other insertions.
The second condition is necessary to ensure that correlators with insertions of Hermitian operators in opposite orders are complex conjugates of each other.
These conditions are straightforward extensions of the conditions imposed on the Schwinger-Keldysh effective action without any term involving derivatives in [45] .
We will write down a local 1-PI effective Lagrangian consistent with the above conditions which has the following expansion:
where the L
1PI , L
1PI and L
1PI are the terms linear, quadratic and cubic in q's respectively. The linear and the quadratic terms are given in (9) and (10) .
The cubic terms can be split into 2 parts: One part which reduces to the terms in the Schwinger-Keldysh 1-PI effective action under any of the collapses mentioned above, and another part which vanishes under such collapses. These 2 sets of terms are given in (12) and (13) .
The collapse rules further impose the following conditions [45] on the couplings:
The reality condition implies that F, γ and κ 3 are real. The couplings κ 3 and κ 3γ are not present in the Schwinger-Keldysh 1-PI effective action. They encode information about the 2-OTO 3-point functions of the operator O(t) (See Table I ). As we will see, to determine these couplings one needs to measure some 2-OTO correlators of the probe (See equations (23) and (24)).
RELATIONS BETWEEN 1-PI EFFECTIVE COUPLINGS AND SYSTEM'S CORRELATORS
The couplings in the 1-PI effective action can be derived from the generalized influence phase given in (7) . These couplings will generally be functions of time. But we assume that the time-scale in which they saturate to constant values is much smaller than the natural time scale of the probe. While calculating the probe's correlators with insertions at times much larger than t 0 , we assume that the effects of the initial period when the couplings are time-dependent are negligible. Moreover, we assume that lim t−t0→∞
If this is not true, then one can give appropriate constant shifts to both O(t) and q(t) so that this condition is satisfied for the shifted operator while the form the Lagrangian in (1) remains unmodified. This condition implies that the O(λ) term in the linear coupling vanishes. Then the leading order term in the linear coupling is O(λ 3 ) which is similar to the leading order behaviour of the cubic couplings. So, we present the leading order terms in the linear and the cubic coupling together in Table I . Keeping these assumptions in mind, we derive some relations between the couplings in the 1-PI effective action and the correlators of the operator O(t). These relations are given in equations (19) , (20) and Table I .
Notational conventions: While expressing the couplings in terms of the correlators of O(t), we have followed some notational conventions which are given below:
1. The interval between two time instants t i and t j is expressed as
2. We express the cumulant O(t i1 )O(t i2 ) · · · O(t in ) c as i 1 i 2 · · · i n . For example,
3. The cumulant corresponding to a single-nested structure with commutators and anti-commutators is expressed by angle brackets enclosing a pair of square brackets [46] . The insertions that one encounters while going outwards through the nested structure are arranged from left to right within the square brackets. Positions of anti-commutators are indicated by (+) signs. For example,
Quadratic couplings: 
Linear and cubic couplings: Any linear or cubic coupling g can be expanded in powers of λ as
We enumerate the integrand I for the linear and cubic couplings in Table I . 
OTOCS OF THE PROBE
The couplings κ 3 and κ 3γ appear in the expressions of the cumulants of two OTOCs of the probe which are given in (23) and (24) . We express these cumulants in terms of the phases defined below:
where
For t 1 > t 2 > t 3 ≫ t 0 , we get the following form for the cumulants:
The couplings that appear in these cumulants are truncated to their leading order values in λ whose forms were given in (20) and Table I . The above expressions together with Table I demonstrate how the OTOCs of the probe encode information about the OTOCs of the operator O(t).
CONCLUSION AND DISCUSSIONS
In this Letter we have demonstrated how information about the OTOCs of a generic quantum system is encoded in the OTOCs of a probe. This is done by deriving an effective action for the probe. The couplings in this effective theory are determined in terms of the OTOCs of the system.
It would be interesting to specialise to the case when the system is in a thermal state. The Kubo-Martin-Schwinger relations [46] between the thermal correlators of the system would then imply additional relations between the couplings in the effective theory of the probe. Such an effective action might also turn out to be useful in studying the time-scale of thermalisation of OTOCs vis a vis time-ordered correlators as well as the analogues of fluctuation dissipation theorem [46, 47] in the context of OTOCs. We would like to address these issues in future.
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